ON SYSTEMS OF GENERATORS OF ARITHMETIC SUBGROUPS OF HIGHER RANK GROUPS T.N.VENKATARAMANA
We show that any two maximal disjoint unipotent subgroups of an irreducible non-cocompact lattice in a Lie group of rank atleast two generates a lattice. The proof uses techniques of the solution of the congruence subgroup problem.
We show that any two maximal opposing unipotent subgroups of an irreducible lattice in a higher rank Lie Group, generate a lattice in the Lie Group. The method of proof is to use certain techniques of the solution of the congruence subgroup problem of arithmetic lattices in higher rank groups.
We freely use the notation and results of [3] without giving explicit references therein.
Let G be a simply connected absolutely almost simple linear algebraic group defined and isotropic over a global field K. Let C/ + be the unimpotent radical (which is defined over K) of a minimal parabolic A'-subgroup P + of G. Let U~~ be the unipotent radical of another minimal parabolic A'-subgroup P~ of G which is opposed to P + in the sense that U + Γ\U~ = {1}. Let S be a finite set of places of K including all the archimedian ones, if any. We call thering A -Os -{x G K\ \x\ v < 1 for all places v of A', not in S} the ring of S-integers in K. Choose a faithful representation G <-» GLpj defined over K and define G(Os) = {g G G gij G Os, 1 < i,j < N}. The subgroups in G which are of finite index in G(Os) are called S-arithmetic groups. Define the 5-rank of G to be the sum 
THEOREM . With the notation as above, let E(a) denote the group generated by U~*~(a) and U~(a). Then E(a) is an S-arithmetic subgroup of G(a) provided S -rank(G) > 2 and K -rank(G) = \,Char(K)φ2.

REMARK. The theorem holds also when K -rank(G) > 2 and is proved for G a classical group of K -rank(G) > 2 in [17], G is a Chevalley group of K -rank(G) > 2 [15] and for G an arbitrary group of K -rank(G) > 2 [11].
The theorem is proved for G = SX 2 in [18] and Vaserstein has informed us that he has a proof (unpublished) of the theorem when
We now give an outline of the proof. The proposition of Section 1 says: a subgroup F(a) which is closely related to E(a) ( 
and normalises E(a) ) has the property that given g £ G(K) there exists a nonzero ideal α of A such that gF(b)g~ι C F(a). This is used to show that there is a completion G of G(K) with respect to which the subgroups G(a) have open closures in G.
We then show that there is a continuous surjection π from G onto G(A(S)) where (A(5)) is the ring of 5-adeles of K. The main point is then to show that the kernel C of π is central in G. Then by appealing to [13] , we are done.
In Section 2, we show that C is central when the semi-simple part of the Levi component of the minimal parabolic subgroup P + of G is isotropic over K υ for some v £ S. In Section 3, we prove the same when G = 5t/(2,1) and in Section 4, by looking at suitable embeddings of G -5£/(2,1) and SL<ι in G, we prove that C is central even in the case of G for which the semisimple part mentioned above is anisotropic over K υ for all v £ 5.
Construction of a completion G of G(K).
NOTATION 1.1. Let G,E(a) be as in the introduction. Assume that 5 -rank(G) > 2 and that K -rank(G) = 1. Let F(a) denote the group generated by C/ + (α), U~(a), and M(α) where M+P+ΠP~. 
(F() Π G(K)+) contains p(U~(K)).
This proves part (ii). Now (iii) follows from the fact that (G(K)~*~/ centre) is an abstract simple group [16] . D DEFINITION 1.3. Let L/K be an algebraic extension and k C L a subfield. Suppose / : G^/ί") 
is not compact; but, (by [2] and [4] ), Mo (A) is a cocompact lattice in Mo(K v ) and so MQ(A) is infinite. In particular M(A) is infinite. D
We now state the main result of this section. We will prove it later in the section after proving some preliminary results. 
is a finitely generated group. (This follows from (i), (ii) and [5] .) Moreover every element of M g (b\) is semisimple.
We assume, as we may, that b\ is an ideal so deep that no nontrivial element of M g (b\) -{1} has a nontrivial root of unity as an eigenvalue in its action on W*. Let {7; 7 G F} be a finite nontrivial set of generators of M g (b\) . For θ G M g {b\) let θ* denote the linear transformation induced by θ on 
(since λ is fcp-linear) and ψ{h) vanishes on in G , we see that C is central in G and so we get a central extension
Σ **(Ep) = Σ (E P CU P CW®1[K V ).
We have: pr p (H c ) Π U p (c pr(H c ) Π U p ) contains a lattice in
C/C n F(a) -* G/C ΓΊ F(α) -* G(A(S)) -> 1,
where C/C Π F(α) is a discrete group. Thus G/C Π F(α) is a locally compact central extension of G(A(S)), split over G(K)
+ and by [10] , C/C Π .F(α) is a quotient of μ(K) the group of n t/ι -roots of unity in /iΓ for all n. This shows that C itself is finite, and so, F(a) is 5-arithmetic (see proof of (1.10) in [11] [8] and [9] , Mχ(A) has strong approximation.
LEMMA 2.2. There exists a congruence subgroup B of M\(A) such that for any two nonzero ideals^ a and b of A with a + b = A, the group generated by M\(a) and M\(b) contains B.
Proof. This is an easy consequence of strong approximation. For details see [12] , Section (4.12). D 2.3. PROOF OF CENTRALITY. We borrow the notation of (4.8) of [12] . Let f(g) be the function defined there. Write, as in (1.5), g -u~m g u g for g £ G a . This can be done if α is a sufficiently deep ideal. With respect to the representation W in (4.8) of [12] , f(g) is defined, and u~m g ,u g have the properties:
where N is a large integer depending only on (G, W) and if (f(g)  2N ) , and therefore f(g) 2N and f(gh) 2N are coprime. We have proved that Mι(f(gh) 2N ) fixes gh = g in the double coset. Apply Lemma 2.2 to conclude that B fixes every # in the double coset F(a)\G(a)/F(a) . Now , by Lemma 1.18, C is centralised by B C G(K)+, and since G(/f) + is simple modulo its centre, G(K) + centralises C.
3. Centrality of C when G = 5ί/(2,1). We first prove a lemma which is very similar to Lemma (2.1) of [14] . If q is odd or if q is 2 and m even, then x(m -x) φ 0 (mod g) has solutions. We write where £ restricted to K( ι \/l/K) is trivial. This can be done by (3). We may represent each of the bracketed terms in (4) by (an infinite family of) prime ideals pi, p 2 , p3, p4 by the Cebotarev density theorem. Then from (4) we get: (5) and so there exists λ 6 K* such that AΞI (mod 6) and a' = aλ = P1P2P3P4 (by Artin Reciprocity) i.e. o! £ A and a' = a (mod 6), therefore o! = aλ = Pip2p3p4 This shows from (2) 
